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ABSTRACT

This paper is an investigation of the fuzzy adjacent matrices on fuzzy graphs. Various operations and fuzzy equivalence
relation are calculated in a flexible method. Motivated by the applications of fuzzy matrices the proposed work
characterizes some properties composition on standard fuzzy set operations.
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INTRODUCTION

The original theory of fuzzy sets was formulated in terms
of the operators complement, union and intersection
(Zadeh, 1965; Kaufmann, 1975; Zimmermann, 2010). For
each of the three set of operations , several different
classes of adjacency fuzzy matrix of fuzzy graph
possessing appropriate axiomatic  properties have
subsequently been proposed. Several important properties
are shared by all the three operators. Some of the axioms
insures that the defined operations on adjacent fuzzy
matrix generalizes the classical crisp sets.

Some classes of functions have been proposed whose
individual members satisfy the axiomatic requirements of
these operations. One of such class is Yager’s class
(George et al., 2009; Hooda and Raich, 2015) which is
defined for the fuzzy adjacent matrix by specifying the
certain values to the parameters. The parameter
determines the strength of wunion and intersection
operations. The paper is organized as follows: In section
2, the basic definitions of fuzzy graph theory was coined
along with the fuzzy adjacent matrix. While, in section 3
various properties of fuzzy adjacent matrix are presented.
In addition to this a discussion is made on complementary
fuzzy graph (Sandeep and Sunitha, 2012). This work
presents a perspective on characterizing the fuzzy
adjacent matrix of a simple undirected fuzzy graph.

2. PRELIMINARIES

Definition 2.1:

A fuzzy subset of a nonempty set S is a mapping o:
S—[0,1]. A fuzzy relation on S is a fuzzy subset of SxS.
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If p and v are fuzzy relations, then pov(u,w) = Sup{
wUVA v(v, w)vStand  p*(uv)= Sup{p(u up)Av(u
JU)A(U, LUs) AL AW(Ugg V) D Ug, Ug ... i €STwhere
‘A’ stands for minimum.

Definition 2.2:

A fuzzy graph (Rosenfield, 1975) is a pair of functions G:
(o, 1) where o : V—[0,1] is a fuzzy subset of non-empty
set V and pu : V xV— [0,1] is symmetric fuzzy relation on
o such that for all x,y in V the condition p(u,v) < o(u) A
o(V) is satisfied for all (u,v) in E.

Definition 2.3:
Let G= (o,p) be a fuzzy graph. The degree of a vertex u is
d(u)=Zu(u,v),=v.

Definition 2.4:

T_he complement of a fuzzy graph G:(o,u) is a fuzzy graph
G :(o, &), where 0=7 and X (u,v)=0(u)Ac(v)—u(u,v) v
u,vev.

Definition 2.5:

The adjacency fuzzy matrix of FG is defined as
{;.L(u,vj if i,jin the neighbourhood

Apg= 0 otherwise
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a(.9) 8 b(1)
4 3 7
d(.5) 5 c(7)

Fuzzy Graph 1.1
The fuzzy adjacent matrix of the above fuzzy graph is

given by

0 0
8 )
0 0
4

R
oL

Apg = 5
Let us consider two more fuzzy adjacent matrices of same
fuzzy graph 1.1

0 o 0 8

g 0 6 .3

0 6 0 6
Erg =12 3 6 0]

0 &6 0 .2]

A 0 5 1

0 5 0 3
Crg =12 1 3 o]
Lemma 2.2.1

The fuzzy adjacent matrix of every undirected fuzzy
graph G(c ,H ) is symmetric.

Proof:

Let G(o , & ) be the undirected simple fuzzy graph.
= wl.v) - pleg,vy)

Let Arg = (@ij) be the fuzzy adjacent matrix of

G(o B ).

The membership values of Apg of any row and column
are same.

= Apg = (Ape)’
= Apg is symmetric.
Results
e  The row(Column) sum of the matrix Apg gives the
degree of the corresponding vertex.
o Tr(Tr(Agg) = 0, since G(o ,u) is the undirected
simple fuzzy graph.

e The fuzzy adjacent matrix of every undirected fuzzy

graph G(o ,# ) and its inverse are equal.

e  The sum of the membership of each row and column
are equal since fuzzy adjacent matrix is symmetric.

e The product of fuzzy adjacent matrix with a
crisp(fuzzy) number is again a fuzzy adjacent matrix.

3. COMPLEMENT OF AFG

In this section various properties of Arg

complement operation is
Sunitha, 2012).

under
discussed (Sandeep and

] b b
L oy e
Ly o

1
2
1
Arg) =16
Theorem 3.1
The fuzzy graph corresponding to fuzzy adjacent matrix is
not complementary and self complementary.

Proof

Let = (o ,# ) be the fuzzy graph corresponding to the
complement fuzzy adjacent matrix.
Here p(u,v) <o(u) A o(v)
= p(u,v) #o(u) A o(v)- p(u,v) and

uuv)# 2L o(u) A o(v)]
Hence Fuzzy graph is not complementary and self
complementary.

Theorem 3.2
The composition of a symmetric fuzzy adjacent matrix
and its complement is symmetric.

Proof

Let Arg = (@ij ) be the fuzzy adjacent matrix of

G(o ,&).

=>Wre) =1-(%1)

By Max-Min composition,

(Apg°Apg ") = (0 ° o) (w, v)
= v[o(u,v)ao (u,v)]

=[v[o'(u,v)r a(u,v)]]*
=(o°0)(u,v)
= (Apc®Arc ) *

Similar result holds for Min-Max composition.

Result

o ((Are) ) =(Are)
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4. OPERATIONS ON FUZZY ADJACENT MATRIX
In this section, the operations of fuzzy sets such as
complement , union and intersection are carried out for
fuzzy adjacent matrix (Dhar, 2013).

4.1 Characteristics of Fuzzy Adjacent matrix on
standard Fuzzy set operators

e Involution Ars = Afg

Commutative (AFG V) BFG) = (BFG U AFG) ;
(Apg N Bpg) = (Brg N Apg)
Associative

(Apg U Bpg) U Cpg = Apg U (Bpg U Crg) ;
(Apg N Bpg) N Cpg =
Apg N (Brg N Crg)

Distributive
Apg N (Bpg U Crg) =

(Arg N Brg) U (Apg N Crg)
Apg U (Bpg N Crg) =

(Apg U Bpg) N (Apg Y Crg)

Idempotent

(Apg VY Arg) = Arg 5
(Arg N Apg) = Arg

. Absorption

Apg U (Apg N Brg) = Apg;
Apg N (Apg Y Brg) = Apg

. De Morgan’s Law
(Arg N Bpg) = Apg Y Brg
(Arg Y Bpg) = Apg N Brg
. Equivalence formula

(Ar¢ Y Brg) N (Arg Y Brg) =
(Ar¢ N Brg) U (Apg N Brg)
. Symmetrical Difference Formula
(Ar¢ N Brg) Y (Arg N Brg) =
(Ar¢ U Brg) N (Apg Y Big)
4.2 Fuzzy Union

The fuzzy union of the fuzzy adjacent matrix obeys the
following axioms:

Axiom 1: U(Z,2) =Z; UZ,D=LlU(1,2) =1 ; U(l,1) =1
where | is the identity matrix and Z is the zero matrix.

Axiom 2 : U(Ar¢, Brg) = U (Brg, Arg)
[Commutative]

Axiom 3 : U[U(Arg, Brg), Crgl =

U[U(AFg, U(Brg,Crc)]
[Associative]
Axiom 4 : U[AFGI BFG] = AFG
[Idempotent]

Yager’s Union for adjacent Fuzzy Matrix
The Yager’s Union ((Hooda and Raich, 2015) for fuzzy
adjacent matrix is defined by

] Y
Uy (Ar, Brg) = Min [ 1, (a;" + b;"™) ™]

where w € (0, 00)
For w=1, Ul(AFGlBFG) = Min [ 1, ai]' + bl]]

Forw=2,

. 1
Uy (AFg,Brg) = Min [ 1, (aij2 + bijz) ]

Forw= 9 U (Apg, Brg) = U (Ar¢, Bre)

As w increases, Yager's Union follows decreasing
sequence.

Theorem 4.2.1
Let G(o , £ ) be the undirected simple fuzzy graph .Let
Apg = (%ij)and Brg = (Pij) be the fuzzy adjacent
matrices of same order. If Uy, (Arg, Brg) is the Yager’s
union function with parameter W€ ( 0, o) then
wy w

) =

Max (ai]’ , bl])

lim,,_, Min[1, (aijw + b;;

Proof
The proof is obvious whenever 2ij =0 and bijj =10
or @ij = Bij pecauseas W = @ the limit equals 1.

1
W Wy w
If @j # Pij and the min equal (@ +b5")

then

_ , wlhw
1.1v1—:n=1= (aff“r + byj ) = Max (Clij;bij)'

Without loss of generality assume that &ij = bij and
1
W Wy w
ety = (@™ +b5")
" w
In (aU- + by ]
w

IlimnY = lim
SW—x W—a
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aijWIn aij +bl’jwlnbi}'
w
aijW+bl~j

= lim
W—00
a.. W
(bi) In aij +1nbl~j
= lim 2 W
T
= In by
lim InY = bl] = Max (al’j,bij)

W—00

It remains to show that the theorem is still valid when min
equals 1.

LW W
In this case (ﬂ'U + bU
r W
Ge) @i +Pij =1 \wherewe (0,)

When W —* @ the [ast inequality holds if @j = 1 or
bij =1 gince @ijsbij € [ 0,1]

)* =21

4.2.1 Other Union Operations

e Probabilistic sum or Algebraic sum

The probabilistic sum is defined by
(Apc+Brg) = a;j + by -a;; by;

This does not follow commutative, associative and
identity law.

e Bounded Sum or Bold Union
The bounded sum is defined by

(AFG @!BFG) = Min [ 1, al-]- + le ]

This follows commutative, associative and identity law
and is identical to Yager’s function at w=1.

e Drastic Sum
The drastic sum is defined by

al'j lf bl] =
(AFGU BFG) = bi]‘ ifaij =0
1 otherwise

This gives the adjacency matrix of the crisp graph.

e Hamacher Sum
The Hamacher sum is given by

aij +bij —Zaij bij
ApcUB =
(A FG) 1—aijb
e Einstein Sum
The Einstein sum is given by

aij +bij
ArcUB =,
( FG FG) 1+aljbl]

y

Remark

The Einstein sum of symmetric fuzzy adjacent matrix is
symmetric but this is not true for the Hamacher sum.

4.3 Fuzzy Intersection

The fuzzy intersection (Hooda and Raich, 2015) of the
fuzzy adjacent matrix obeys the following axioms:

Axiom1: N (Z,2)=Z;nZD)=,n(,2)=1;
N (I,1) = 1 where | is the identity matrix and Z is the
zero matrix.

Axiom2: N (AFGI Bpg) =N (BFG: AFG)
[Commutative]
Axiom 3: N [N (Arg, Brg), Crgl =

N [N (Apg,N (Brg,Cre)]
[Associative]
Axiom 4 : N [Apg, Brg] = Apg [ldempotent]

Yager’s Intersection for Fuzzy adjacent matrix
The Yager’s intersection for fuzzy adjacent matrix is

defined by

M (Arg,Brg) = 1= Min [1,((1 —a; ) +
o))wiw]where We( 0,c0)
For w=1,
Ny (AFGIBFG) =1-Min [ 1,2 - al'j + bl]]
Forw =2,
Ny (Afg, Brg) =
1
1— Min [ 1, ((1 — aij )2 + bl])z) /2
Forw = oo Ny (AFGIBFG) =
Min (Agg, Brg)= N (Apg, Bre)
Theorem 4.3.1
Let G(o ,# ) be the undirected simple fuzzy graph .Let
Apg = (%ij)and Brg = (Pij) be the fuzzy adjacent

matrices of same order. N, (Arg, Brg) is the Yager’s
intersection function with parameter w € (0, 09) then

lim,_,,[1—Min[1,((1-a; )" +
b)wiw]]= Min (@i, 67)

Proof

From theorem 4.2.1, Mlim,,,,,[ 1 — Min [ 1, ((1 -
aly w+o)wiw]] =Min (1—ai;,1-5i7)

=Ne (Apg, Brg) =1-Max (1 —a;;,1 — by;)

Without loss of generality assume that ®ij = b!’;’
él—afjﬁl—bfj
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=Ng (aiijij) = 1- (1 - aij) = aij
= Mln(au,bu)
Hence the theorem

4.3.1 Other Intersection Operations
e Probabilistic Product or Algebraic Product
The probabilistic product is defined by

(Apg-Brg) = aij bij-

This follows associative and identity law but does not
follows commutative law.

e Bounded Product
= The bounded sum is defined by

(AFG @ BFG) = Max [ 0, aij + bl] -1 ]
= This follows commutative, associative and identity

law but not the idempotent law.
- Also (AFG @ Z) =7 and (AFG @ AFG) =7
e Drastic Product
The drastic product is defined by

ai]‘ lf aij =1
(Apg (0 Brg) =1 by ifb; =1
1 ifal'j, bl] <1

Also (ApG(©) Brg) = Z

e Hamacher Product
The Hamacher product is given by

al-j bij
(Apg N Bpg) =

e Einstein Product
The Einstein product is given by

(Agg N Brg) = @i by
Fa Fa 2+[aij+bij—aijbij]

[aij +bij—aijbij]

e Hamacher Intersection
The Hamacher intersection is given by,

(Apg N Bpg) = @ij by

e TR T y (A —p)lay +by —aij by 1
¥=40
Remark

In Hamacher intersection , ¥ =0 gives Hamacher
product, ¥ =1 gives product, ¥ = 2 gives Einstein

product and ¥ = ™ gives drastic product.

Applications

The obtained results can be applied in various areas of
engineering, computer science: artificial intelligence,
signal processing, pattern recognition, robotics, computer

networks, expert systems, clustering and medical
diagnosis (Ghanzinoory et al., 2010). The fuzzy adjacent
matrix can be applied in various decision making such as
routing, supplier selection decisions etc (Bondy and
Murty, 1976; Timothy, 1997; Frank, 2001; Kwang, 2005).

CONCLUSION

In this paper, operations on fuzzy set theory is extended to
the fuzzy adjacent matrix of the fuzzy graph. In this
process many properties of fuzzy adjacent matrix is
discussed. It has been identified that the zero and identity
matrices of crisp set theory are fuzzy matrices.

REFERENCES

Bondy, JA. and Murty, USR. 1976. Graph theory with
Applications. (1* edi.). MacMillan Press, London.

Bapat, RB. 2010. Graphs and Matrices.
London.

Springer,

Dhar, M. 2013. Representation of Fuzzy matrices based
on Reference Function. 1.J. Intelligent Systems and
Applications. 02:84-90.

Elizabeth, S. and Sujatha, L. 2013. Application of Fuzzy
Membership Matrix in Medical Diagnosis and Decision
Making, Applied Mathematical Sciences. 7(127):6297-
6307.

Frank, H. 2001. Graph Theory. Narosa Publishing House,
Tenth Reprint.

Ghanzinoory, SA., Esmail, Z. and Kheirkhah, AS. 2010.
Application of Fuzzy Calculations for Improving
Portfolio Matrices. Information Sciences. 180:1582-1590.

George, JK. and Tina, AF. 2009. Fuzzy Sets. Uncertainty
and Information, PHI Learning Pvt. Ltd.

Hooda, DS. and Raich, V. 2015. Fuzzy information
Measures with Applications. Narosa Publishing House.

Kaufmann, A. 1975. Introduction to the Theory of Fuzzy
Subsets. Academic Press, New York, USA.

Kwang, L. 2005. First Course on Fuzzy Theory and
Applications. Springer International Edition, First Indian
Reprint.

Meenakshi, AR. 2008. Fuzzy Matrix Theory and
Applications. MJP Publishers.

Rosenfield, A. 1975. Fuzzy graphs In: Fuzzy sets and
their applications. Eds. Zadeh, LA., Fu, KS. and Shimura,
M. Academic Press, New York, USA. 77-95.

Sandeep, NKR. and Sunitha, MS. 2012. Connectivity in a
Fuzzy graph and its Complement. Gen. Math. Notes.
9(1):38-43.



3932 Lakshmi and Vimala

Timothy, JR. 1997. Fuzzy Logic with Engineering
Applications. McGraw-Hill Inc.

Zadeh, LA. 1965. Fuzzy Sets. Information and Control.
8:338-353.

Zadeh, LA, Fu, KS. and Shimura, M. (Eds.). 1975. Fuzzy
Sets and Their Application to Cognitive and Decision
Processes. Academic, New York, USA.1-39.

Zimmermann, HJ. 2010. Fuzzy Set Theory and its
Applications. (4™ edi.). Kluwer Academic Publishers,
Boston/Dordrecht/London.

Received: Dec 14, 2016; Final Revised and Accepted: May 21, 2016



